A coupled system of two generalized logistic maps is studied. In particular influence of the coupling to the behaviour of the Julia set in two dimensional complex space is analyzed both analytically and numerically. It is proved analytically that the Julia set disappears from the complex plane uniformly as a parameter interpolates from the chaotic phase to the integrable phase, if the coupling strength satisfies a certain condition.
Introduction
The study of nonlinear dynamical systems in the last two decades uncovered the existence of hierarchy of completely integrable models in one hand and of universal structure of nonintegrable models on the other hand. The former is characterized by concepts such as solitons, inverse methods, Yang-Baxter equations, infinite dimensional symmetries etc., whereas the terms such as chaos, fractals, strange attractors, etc. characterize the latter.
Since there exists no general method to analyze nonlinear equations the completely integrable models are quite exceptional among other nonlinear systems. Nevertheless they appear commonly in fundamental theories of physics, such as Einstein's theory of gravity, string theory of elementary particles, solvable lattice models in statistical physics and soliton models in various fields. They are easily distinguished from the behaviour of chaos solutions of nonintegrable systems. They must be also distinguished from stable solutions of nonintegrable systems.
A Julia set is a set of points of initial values on the complex plane of dependent dynamical variables whose iterational mapping never converge 3 [3] . A chaos will be observed if a Julia set intersects a region of observation in the complex plane. Stable behaviour is expected if the Julia set stays far from the region of observation. The existence of a Julia set somewhere on the complex plane prevents the system to be solved analytically, besides some exceptional cases. Conversely there is no room for a Julia set to appear in the complex plane if the system is completely deterministic and predictable. From this view point the Julia set is an invariant of the dynamics, hence is a proper ! object which distinguishes comple Some topological aspects of Julia set have been studied for simple cases from mathematical view points [3] . It must possess full of information of the dynamics. Their physical significance is, however, not known. The main reason of this lack owes to the fact that a real physical phenomena takes place on the real axis of the complex plane of variables. In most cases it is assumed that the existence of a Julia set far from the real axis does not affect the phenomena on the axis. We like to emphasize here that the Julia set is very sensitive topological object against to any small difference of parameters. For instance two systems which are in chaotic orbits independently, often turn to a stable motion when they are coupled weakly. This can be understood that the Julia set is removed from the region of observation as the coupling increases from zero.
In the previous papers [1] , [2] we studied the behaviour of the Julia set at the point of transition from a nonintegrable phase to an integrable phase by using a simple model which interpolates the integrable and nonintegrable difference analogues of the logistic equation. It was shown that the Julia set which was a Cantor set concentrated along the real axis became a countable number of discrete points as a parameter approached to the critical point of the transition.
As we pointed out in these papers the integrable logistic map (ILM) can be thought as a piece of two dimensional Toda lattice. Four lattice points form a unit of such a system. If we miss a proper combination of the lattice points to form a unit, we fail to get an ILM but get a nonintegrable logistic map (NLM). The Toda lattice is formed by coupling these units in a certain special way. The Julia set will not appear in this particular coupling of units. Therefore, to understand the transition to the integrable phase, it is important to know the influence of the coupling of the units to the Julia set.
The purpose of this paper is to study the behaviour of the Julia set under the influence of the coupling.
To be specific we consider the generalized logistic map (GLM) as a unit of dynamical system. GLM is the one we studied previously. It includes both the integrable and nonintegrable logistic maps (ILM & NLM) as special cases of a parameter which interpolates them. This parameter enables us to study the system analytically near the critical point of transition. When two units of GLM's are coupled, Julia sets appear on each complex plane of the variables. Since they are correlated with each other through the coupling we are to study their behaviour in the hyper plane of two complex variables, or four real variables.
Our strategy of studying the coupling dependence of the Julia set is to find a model of coupling as simple as possible, so that we can see analytically the influence of the coupling. In spite of the complexity arose from the hyper complex plane, we will show that our coupling model of two GLM enables us to extract certain informations about the Julia set. In particular we will show that, in addition to those in the case of single map, there appear new fixed points of the map which cause a deformation of the Julia set. We can prove that the Julia set converges uniformly to the orbits of integrable map. In order to supply informations we calculate numerically some projections of the Julia set. Fractal dimensions will be also calculated to characterize the nature of the Julia set.
Interference of two generalized logistic maps
In the previous paper [1] , [2] we studied a map which reduces to the logistic equation in the continuum limit and interpolates integrable and nonintegrable logistic maps:
Here µ, ν and γ are complex parameters. When γ = 1 this is the standard logistic map which we called the nonintegrable map (NLM). When γ = 0 it becomes a Möbius map, hence we called it the integrable logistic map (ILM). The latter version of the logistic map was first studied by Morisita as an alternative difference analogue of the logistic equation. It has a unique solution given by
for an arbitrary initial value z 0 ∈ C. The continuous time limit of (1) can be taken by replacing
from which follows, in the limit of h → 0, the logistic equation :
The merit of the use of the map (1) is that we can study analytically the transition of the dynamical system from nonintegrable phase to the integrable phase.
Linear coupling of ILM
We now study the coupling of GLM. To do this it will be more convenient to use, in the place of (1), the standard parameterization of the rational map of rank 2
after the proper transformation :
In this form of the map ILM becomes extremely simple :
In the new parameters the integrable limit γ = 0 corresponds to λλ ′ = 1.
Let us start from the chain of ILM's which couple each other in the form
with arbitrary constants {g jk }. In the integrable case F is linear in z l , hence the map of (9) is invertible as long as the matrix {g jk } is regular. Therefore no Julia set arises in this coupling.
It will be worth while studying the coupling of integrable units so that we can compare it with the results of nonintegrable coupling. The simplest of such a coupling is given by
.
The behaviour of this map is governed by the eigenvalues of the transformation. Corresponding to the eigenvalues λ ± = λe iθ (1 − g ± g) the eigenvectors of this map are 1 ±1 . They converge either to the origin or to infinity, depending whether |λ ± | < 1 or > 1. These two points are nothing but the fixed points of the map of (10).
Since the Julia set resides in two complex dimensional, hence four real dimensional, space we can represent diagramatically only its projections. It varies as the coupling constant g changes. It becomes integrable when g = 
Linear coupling of GLM
The most general linear coupling of GLM's is given by (9), with F (z) being the one of (5). It is, however, too much complicated to obtain useful information about the Julia set. The study of the Julia set has been done mainly from mathematical point of view, and restricted to the case of very small number of complex variables. Since we are interested in observing influence of a coupling on the Julia set characterizing dynamics of each unit, it is sufficient to study a coupling of two units. The system is then
First let us notice some results which can be drawn from this expression by a glance. It has an invariance under the change of the coupling strength g → 1 − g if the variables z l and z ′ l are exchanged simultaneously. Therefore it is sufficient to investigate the limitted region g < 1 2 . (13) is a map from two dimensional complex space on itself in general. There exists, however, a special subset of maps which close among themselves and remain essentially one dimensional. It occurs once z l and z ′ l coincide each other. Then, as it is clear from the expression of (13), all subsequent mapping give the common values to them, and the mapping becomes equivalent to a single map. This phenomenon is not special only for (13), but it happens to all linear mapping of the form (9) under the constraint n k=1 g jk = 1, j = 1, 2, · · · , n. One of the most fundamental informations is given by fixed points of the mapping. In the case of coupled maps it is not clear at all if there exists a way to find them analytically. Therefore it is remarkable that in the case of two unit coupling of GLM we can find them analytically, as we see below. This fact enables us to study dynamics of the system in detail.
where
and
We notice that Z 0 , Z p , Z ∞ are also fixed points of the map of the single unit F (z) itself [2] . The result is already quite interesting. When one of the units is bound to one of the fixed points of the single unit the other one is also attracted to the same point in another plane. This can be seen from the formula
which follows to (13). Therefore it is forbidden that, for instance, one falls to the attractor at z = 0 and the other falls to z = ∞. On the other hand Z ± are new and if one of GLM's is attracted to z = z + , the other one must falls to z − , and vice versa.
In the neighbourhood of the fixed points the properties of the mapping is characterized by the behaviour of the Jacobi matrix:
Eigenvalues are
from which we obtain, for Z 0 and Z p ,
They agree with those of uncoupled map when g = 0.
In the neighbourhood of infinity the Jacobi matrix becomes
which should be calculated at ξ = 0, ξ ′ = 0. After some calculation we find for the eigenvalues
In the case of g = 0 it coincides with the case of uncoupled map. The result is quite interesting. Since we consider two complex values, the behaviour of the mapping depends on the direction along which the limits to the infinity are taken in the two dimensional complex space. When we choose r = ±1, the result is simplified and get
Λ ± associated with Z ± do not have compact expressions but are given by
(24)
This result is new since there is no correspondence in the uncoupled map model.
Given above informations we are ready to draw some pictures about the behaviour of the system under a change of the coupling. We observe the following:
1. Near the fixed points Z 0 , Z p , Z ∞ one of two units behaves exactly the same as one of uncoupled GLM. The other unit is attracted (or repelled) at the same fixed point. This explaines the coherent behaviour often observed in a coupled system. The multiplier of the first unit remains the same but the other one changes its scale by the factor 1 − 2g. Therefore the second unit increases its stability if 0 < g < 1 and instability if −1 < g < 0.
2. The fixed points at Z ± have no correspondence to the uncoupled GLM. When the coupling is weak, (16) behave as
hence z + and z − approach to z p and 0 respectively. From this we observe that the two units behave differently if one falls to z ± .
3. The stability at z ± is controlled by |Λ + | and |Λ − | respectively. In particular both of them are stable as far as |Λ ± | is less than 1. In the weak coupling limit the multipliers Λ ± reduce to
which coincide with Λ p and Λ 0 evaluated at g = 0.
We can categolize above results on the parameter plane for each set of fixed points. To make the picture easier to see let us restrict the parameters by λ ′ = λ and θ = 0, so that we can draw it on the (g, λ) plane. Figs.1 a,b,and c show the parameter plane associated with the fixed points at Z 0 , Z p , and Z ± , respectively 4 . Here the most dark gray region represents the parameters corresponding to repulsive fixed points, the gray to attractive and the lightest one to saddle points. Further information about the effect of the coupling of GLM's will be obtained from the Julia set of the mapping. As it was explained in the introduction, the Julia set is an invariant of the mapping. Therefore it shoud provide us useful knowledge about global nature of the system. We are interested in observing the change of the Julia set when the coupling is introduced. The Julia set in the case of coupled GLM is, however, rather complicated. This is so, mainly because we must consider behavior of the maps in two complex planes. Therefore it will be useful first to summarize the properties of the Julia set in the case of a single GLM.
General features of the Julia set of single GLM
A Julia set is a set of points of initial values whose iterational maps neither converge nor diverge. There are several equivalent methods to calculate the points. We will adopt the following definition of the Julia
If ϕ is a map of z into ϕ(z), and exists its inverse map ϕ −1 , then the Julia set J(ϕ) of ϕ is defind by the following set of points :
If z J is a point of the Julia set, its every image belongs to the Julia set. Conversely, if points in a neighborhood of the Julia set do not belong to the Julia set, then all images spread to whole complex plane. Therefore the definition makes sense.
From the definition of Julia set described above, we can create the Julia set by considering its inverse mapping. The inverse mapping of GLM is given by
where we defined
Attractors of this mapping constitute the Julia set. The feature of the mapping is determined by dynamics of the system. The most fundamental analytical objects are fixed points. The GLM has three fixed points, 0, z p and ∞, whose properties can be easily deduced from the results in §2.2 by taking the zero limit of the coupling parameter g.
It is well known that the behavior of a dynamical system, hence the nature of the Julia set, is sensitive
to the values of the critical points, the zeros of the derivative of the mapping. In our problem, by solving
The mapping is discriminated by the value of
To be specific we consider the case of real parameters, i.e., λ, λ ′ are real and set θ = 0. Under these conditions, ǫ is real, and there arise three types of critical points, depending the values of ǫ:
There is no critical point on the real axis and graph becomes monotonically increasing two curves.
The inverse mapping transforms a real value to a real one. If λ ′ > 0, one of the fixed points 0, which is on the real axis, is a repulsive one. Hence the whole iterational images of this point belong to the Julia set which are constrained on the real axis. In fact it becomes a Cantor set as mentioned in ref. [1] .
One critical point (ǫ = 0)
Two critical points join into one at the singular point z = −λ, and dynamics becomes linear. In this case the Julia set has gone and system becomes integrable. We will call ǫ the integrability parameter in what follows.
3. Two real critical points (ǫ < 0)
The graph has two peaks along the real axis and they can be considered as two independent monotonic systems. In this case one of the critical points in between two fixed points 0 and z p is important. Many patterns of the Julia set appear in the complex plane and exhibit complicated structures such as Jordon curves, Cantor sets or dentrites, depending on location of the critical points.
Integrable limit of the Julia set of single GLM
In our previous paper [2] we have shown in the case of single GLM that the Julia set converges uniformly to the set of points of the Möbius maps in the integrable limit. It will be worth while to present the proof briefly before we discuss the case of coupled GLM.
Let us first consider the integrable case, i.e., ǫ = 0. If |λ| > 1 the origin is a repeller. The inverse map (29) started from z = 0 turns to be
which yields an orbit consisting of the set of points
We now consider the cases in which ǫ does not vanish. The inverse map (29) becomes multivalued and much complicated. Nevertheless we could prove the following fact:
All points of the Julia set approach uniformly to J ILM in the integrable limit.
In order to see the behavior of the Julia set for small values of ǫ, it is convenient to rewrite (29) as
E(z) vanishes for small values of ǫ. In fact we can show
for all values of ǫ. Here R ǫ is given by
which tends to zero like |ǫ| as ǫ approaches to zero. It is remarkable that R ǫ does not depend on the argument of the map, but is determined only by the parameters characterizing the map.
We can prove our claim as follows:
1. Using A and B defined in (35) the nth iteration of F −1 yields
2. For any X an element of the form A s BX, s = 0, 1, 2, · · · , n − 1 in (39) lies in the neighbourhood of −ρ s λ :
Since we assumed |λ| > 1, |ρ| = |λ ′ | < 1 is satisfied as long as ǫ is small. Hence the right hand side of (40) is finite for all s.
The exception is the case A n (0), for which |A n (0)| = 0 holds since z = 0 is a fixed point of the map A.
3. From 1. and 2. we conclude
In our present problem the Julia set is the collection of all F −n (0), i.e.,
hence the claim is proved.
Julia set of coupled GLM
In the case of the coupled GLM there are two complex variables to be considered simultaneously. A Julia set, if it existed, must be an object in the space of two complex dimension, or four dimensional real space. Unfortunately there has been not known unique definition of the Julia set in the case of hyper complex plne. Therefore we must introduce some definition which is appropriate in our discussion. For this purpose we will call a Julia set an object which is defined simply by extending z in (28) to a point in the hyper plane. That is,
the Julia set J(ϕ) of the map (13) is a closure of the inverse images
of an arbitrary repulsive fixed point
The set of these points has apparently the following properties, 1. invariance under the map, 2. starting from any point the forward map never converges to an attractor.
The inverse map becomes much more complicated compared with the one of single GLM. In the case of the linear coupling in the form of (13), however, we can study certain behaviour of the map analytically to some extent. We present in this section how the Julia set of the coupled system will disappear when parameters approach to the integrable limit. We also investigate the influence of the coupling to the Julia set. Our arguments will be supported by displaying deformation of the Julia set using computer simulation. In order to supply qualitative information we will also present computer calculation of fractal dimensions of the Julia set.
Inverse map of the coupled GLM

General feature of the inverse map of the coupled GLM
Generally speaking it is a difficult problem to find inverse map of a coupled nonlinear system if it dedends on more than two variables. In the case of the coupled GLM (1), however, we can solve this problem rather easily and obtain the following compact expression:
From this expression we see that a pair of points (z l+1 , z ′ l+1 ) are inversely mapped to four pairs of points. We must take into account all of such pairs at every step of the map. If we stare (44) carefully, we shall find that it is much simpler to regard (44) as a map from (x l+1 , y l+1 ) to (x l , y l ), instead of one between z's.
There are four types of mapping which we represent as
Here A and B are the operations which map z to A(z) and B(z), respectively, according to (35). A single operation of the inverse map to a point, say Z = z z ′ , yields the four pairs of points
If we apply this map twice we get 4 × 4 terms,
Similarly if we apply the same map n times, we will get
It will be more covenient to introduce a symbolic notation to represent this operation:
The symbol ⊕ denotes a formal sum of the operators defiend as
for arbitrary operators a, b, c and d. It has also the property
We also introduce the symbol to represent, for example, the direct sum of 4 n terms in (49),
where the summation runs all possible combinations of {j 1 , j 2 , · · · , j n }.
'Julia set' of the coupled GLM at integrable limit
If we start the map from a repeller Z J , the union of all these points forms the Julia set, which we represent as
It is instructive to study first the case of integrable coupled system, i.e., ǫ = 0. The 'Julia set' is simplified in this case. After n steps of the inverse map we observe from (46)
hereλ denotes the map which brings an arbitrary point to the fixed point λ.
The 'Julia set' in the (z, z ′ ) space is then obtained as
Notice that this is different from what we expect naturally as we take the inverse map of (10). The latter corresponds to the ρ 0 0 ρ σ term in (55). The other contributions could be found only as we approach to the integrable limit from non-integrable region ǫ = 0. This was already observed when we studied the single GLM [2] . The situation is much more complicated in the present problem because of the existence of the coupling.
It is not difficult to understand the reason of this happening. In the integrable limit the fixed point Z p = (z p , z p ) moves to (−λ, −λ) and becomes super repulsive (hence super attractive of the inverse map)
in the sense that its multiplier turns to infinity. The operatorλ in M 2 , M 3 , M 4 of (55) brings every point to this particular pair of points.
Transition of the Julia set to 'Julia set' in the integrable limit
We now proceed to show that as ǫ approaches to zero a similar phenomena takes place as in the single GLM and the Julia set J (g,ǫ) converges uniformly to J (g,0) , if the parameters satisfy certain conditions.
The proof goes as follows.
Let us assume |Λ 0 | > 1, where Λ 0 is the one of (20). This is satisfied if will be more convenient to employ the reference frame in which σ is diagonal. The projection operator which diagonalize σ is given by
We also introduce notations
Then we have an expression
We are interested in the difference of M
The latter is obtained from the former by simply erasing E's everywhere. The difference, therefore, has to contain E at least once. We recall that once this function appears in the sequence of the map, all points are mapped inside of the disc of radius R ǫ . This also implies that only the last E is sufficient to be considered, because the other E's in the past are included as informations within the disk which we do not care anyway. Hence the difference takes the form
where C
j 's are those of (59) but E's are erased. E j k X is the E term of C j k , i.e.,
We further notice thatλ terms in C
j 's reset all informations in the past and put to the fixed value λ. If it appears in (61), it cancels the effect of E as well. Such contribution has been already included in the Julia set M We are ready to estimate the distance between two corresponding points of M
and z
be one of such pair of points associated with a particular combination of
There could be number of definitions of distance between two vectors in the two dimensional complex space. Instead of defining the distance we will calculate distances of upper and lower components separately. From the fact that S −1 is given by
and using the notationŝ
they can be written, for a given set of {j 1 , j 2 , · · · , j n }, as
In this expression we used the fact that, when there is noλ terms, C (0) j = ρĈ j , hence each term in the summation over k contributes the factor ρ n−k . Let us introduce the notation σ m to denote the maximum of the eigenvalues of σ, that is
Then we can prove This result shows that the coefficient of R ǫ is finite for all n if |ρσ m | is less than 1. When g < 0 or
there is no coupling, σ m = 1 and the condition reduces to the case already studied for the uncoupled map.
On the other hand, if g is positive, σ m is larger than 1. In this case the condition becomes |λ ′ | < 1 − 2g.
Therefore we can say that the Julia set J (g,ǫ) converges to J (g,0) uniformly if the parameters satisfy, together with (57), the following conditions:
A few remarks are in order.
1. This condition (67) is not necessary but only sufficient for the uniform convergence.
2. In contrast to the uncoupled case the condition |ρσ m | < 1 may not be automatically satisfied when
As we see from the expression for Λ ∞ in (22), it is not easy to signify the condition for the infinity to be an attractor of the map.
Computer simulation of the transition to the integrable limit
In order to see visually how the dependence of the Julia set on the integrability parameter ǫ looks like, we will present computer simulation of the inverse mapping for some values of ǫ and fixing other parameters.
In the case |Λ 0 | > 1, z = 0 is a repulsive fixed point. Hence the Julia set can be generated starting from there with our operator M (g,ǫ) . Note that in order to visualize it in a finite region of a graph we must perform the calculation under the condition |Λ ∞ | < 1, so that we do not fail to see any point from our view by adjusting the scale.
Since the Julia set of our system is in two dimensional complex space (z, z ′ ), we are not able to present its total figure in one graph. The best we can do is to present its certain projections. Here we In order to separate the coupling dependence let us write σ as also remain in the neibourhood of J (0,ǫ) .
Otherwise we do not have full information.
If there exist points, whose locations relative to those of uncoupled case are not known, the Julia set
of the coupled system tends to spread compared with J (0,ǫ) . Detail inspection of the expression (78), however, will show that such expansion of the Julia set will not continue without limit, as long as the parameter ρ is chosen less than 1 and the coupling strength g is sufficiently small. In fact terms including z n−s or ξ n−s , hence dependent on the locations, are multiplied by factors of the form ρ s and/or
(1 + 2α) s − 1, which tend to push the points to the neighbourhood of the origin. The behaviour of the map will change its nature significantly depending if the value of |ρ(1 + 2α)| is greater than 1 or less.
The critical value is given by
Computer simulation of the coupling dependence
Here we like to visualize the coupling dependence of the Julia set by using the computer simulation of the inverse map when other parameters are fixed. Like the previous pictures only projections of the Julia set are visible. In the present case we will use the projections to the z plane, so that we can compare the influence of the coupling with those of single map.
The change of the Julia set with the coupling parameter g is represented below. The simulations are executed at λ = 4 and λ ′ = −0.3. In this case |Λ ∞ | ≤ 1 and |Λ 0 | > 1 hold for small g, hence the Julia set exists in a finite region including the origin. This condition, however, is destroyed at some critical value of g since the condition of the convergence depends on both |Λ ∞ | and |Λ 0 | and the Julia set may spread to infinity. In our choice of the parameters we observe
One of |Λ ∞ (r = −1)|'s becomes 1, hence the Julia set starts to includes the infinity. 
Fractal dimensions
We now want to know how the complexity of the system will change as the coupling between two GLM's varies or as the integrability parameter approaches to its critical value. To measure the complexity of the system we make use of the fractal dimensions of the Julia set. As it was argued in the introduction the Julia set is an invariant of the mapping. It is determined once a set of parameters are fixed. Therefore its fractal dimension is also an invariant.
There are several kinds of definition called fractal dimension. We will use two of them which are relatively easy to calculate from the data of computer simulation. One is called the box dimension and the other the information dimension.
The box dimension is defined by
where N (δ) denotes a number of points which constitute the figure under consideration and δ represents the length which decides minimum scale of the measure.
The information dimension is defined as follows:
where S is a quantity which corresponds to entropy obtained from probability P j that the mapping across the jth-cell box of length δ,
In the definitions we must take the limit that the size of a cell, denoted by δ, goes to zero. But such a limiting procedure is impossible in the computer simulation, and we are forced to fix δ to a small finite value. To be specific we will fix the minimum scale δ to be 1 800 of the window length in each computer simulation. In this ratio, we calculate 800,000 points for each plot of fractal dimension with a set of parameters.
Another problem which arises in our calculation is due to the fact that the Julia set is an object in two dimensional complex, hence four dimensional real, space. Very huge number of points are needed to calculate the fractal dimensions. In order to reduce the number of calculations we will perform the calculation only of projections of the Julia set to a two dimensional real space. In other words we abandon 
Conclusion
We have investigated a coupled complex dynamical system which is generated by degree two rational map. The subject we considered in this study was the Julia set. It characterizes dynamical feature of the system. It is an invariant object in the sense that it does not depend on initial values. It, however, changes very sensitively if the parameters of the map are changed. In particular we were interested in how the Julia set is influenced when two independent maps are coupled. We have chosen the model of the coupling carefully, so that we can study the effect of the coupling, not only numerically, but analytically to some extent. The introduction of the coupling tends to spread the Julia set when it is projected to the complex plane of the single map. This naturally happens because the projection procedure linearly superposes the effects of the other unit of the map. As the coupling strength increases beyond the critical value g c , the Julia set extends to infinity. This was observed also in the numerical
Another problem which we were interested in is concerned with the transition of the system from chaotic phase to integrable phase. It is a hard task in general to signify such a transition, because it requires to analyze some singular functions which appear in the inverse map. When the system is complex the inverse functions are seldom to be studied analytically. Therefore it is remarkable that we could analyze the transition of the Julia set of our coupled system and could prove the uniform transition to the integrable phase.
Our computer calculation of the fractal dimension of the Julia set exhibits the gradual decrease of the dimension as the integrability parameter ǫ approaches to the integrable limit, hence agrees with the analytical result. The same quantities were also calculated against the coupling parameter g. At the critical value g c (= 7 26 in the case of the calculation,) we observe no significant change of the values of the fractal dimension. This means that the expansion of the Julia set to the whole space takes place gradually as the coupling of the system becomes strong beyond the critical value.
